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BOOK REVIEW
Theory of Regular Economics
by Ryo Nagata, 2004, World Scientific Publishing, Singapore
This book provides a systematic treatment of the theory of regular economies, one of the
most advanced topics in modern general equilibrium theory, emphasizing on the basic
economic ideas, mathematical tools and important economic applications. By introduc-
ing the necessary mathematical tools, in particular the Differential Topology, gradually
when needed, Professor Nagata has made this highly mathematical subject understand-
able to many readers including graduate students in economics. Through the study of vari-
ous important theoretical problems such as the existence of equilibria, local uniqueness and
finiteness of the set of equilibria, inefficiency of equilibria, etc., Professor Nagata has demon-
strated how successful it is to use mathematics to study important theoretical economics
problems.
The book is divided into three parts. Part I lays down the foundations of regular economies
under the framework of pure exchange economies. Part 2 extends the discussions of Part I
by taking the demand attitude of each consumer into account. Thus, the concept of utility
functions appears. Part 3 is a substantial expansion of Parts 1 and 2 where a production
system is introduced into an economy.
Professor Nagata began his journey by giving a rigorous definition of the key term:
the regular economy. An economy by its complete mathematical description is a vector e,
containing a list of real parameters (e.g., demand functions and initial endowments of con-
sumers in a pure exchange economy). The space of economies, denoted by E , is the whole
set of such lists. Assume that the economy e can be characterized by finitely many real
parameters or more precisely that E is a finite-dimensional manifold. Associated with a
general equilibrium condition is a function F , a continously differential function from M
(a manifold of the same dimension as E) to E . An economy is said to be a critical economy
if the determinant of the Jacobian of F vanishes, and it is said to be a regular economy
if it is not a critical economy. So, mathematically speaking, a regular economy is just a
regular value of the function F . Here the first key mathematical concept, the manifold,
is used.
The journey went on in Chapters 2 and 3 with some generic properties of regular
economies such as local uniqueness of equilibria and finiteness of equilibria in the frame-
work of a pure exchange economy with L consumptions goods and I consumers of fixed
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demanding behavior. Thus, the specifying parameters of an economy are only the initial
endowments of consumers. Here the key assumption is (stated roughly in words): every
commodity is desired by the i th consumer for at least one i . The key mathematical tool is
Sard’s theorem (translated into the manifold version): let F be a continuously differentiable
map from an m-dimensional manifold M to a k-dimension manifold K (m ≥ k). Then the set
of critical values of F has Lebesque measure zero in K . Thus the set of regular values of F
is dense in K. With the use of (extended) Sard’s theorem and the related mathematical tools
and assumptions, Professor Nagata proved two fundamental results concerning the regular
economies. The first result states that for any regular economy e, the set of equilibrium states
E(e) is a discrete set. That is, equilibria are locally unique and this property holds generically
for all regular economies. The second result says that the set of regular economies is open and
dense in E (thus the set of critical economies is a null set) and the set of equilibrium states
is finite for every regular economy. Armed with these two fundamental results Professor
Nagata went on in Chapter 4 to address problems concerning the existence of equilibria and
the number of equilibria for regular economies, where an important mathematical concept
in topology, homotopy invariance of modulo 2 degree, is utilized. As a final chapter of Part
1, Chapter 5 discusses the stability issue (of equilibria) in regular economies based on some
further concepts and tools of differential topology such as the index of a vector field and
Poincaré-Hopf theorem.
Part 2 expands the horizon of Part 1 by allowing utility functions of agents to be another
set of specifying parameters of an economy to reflect an individual consumer’s preferences
over goods. Thus, the space of economy is extended to cover the set of e vectors consisting
of utility functions and initial endowments. Introduction of utility function complicates the
study of the general equilibrium theory. To overcome this difficulty, a special topology
called the Whitney topology is introduced and its basic properties presented at the beginning
chapter of Part 2, Chapter 6. Now, an equilibrium state of an economy means not only that
the aggregate demand equals to the aggregate supply, but also that the consumers’ utility is
maximized. To suit for the extended space of economies and the extended definition of an
equilibrium, another major mathematical concept, the transversality, is introduced in Chapter
7. Then, the definition of regular economies is extended, and the two fundamental results
given in Part 1 are extended in Chapters 8 and 9. Namely, the extended equilibria for each
regular economy are locally unique, and the set of extended equilibria is finite. Furthermore,
it is shown that under certain assumptions there exists at least one extended equilibrium in
every regular economy.
Part 3 concerns the production economies in which the production technology is
expressed as the configuration of linear activities. Implication of this is that the production
of each firm is subject to the constant return to scale. Thus, a production economy is charac-
terized by both the parameters defined for an exchange economy and some other parameters
describing the production activities. Now a regular production economy is defined as a reg-
ular value of an appropriate map and an equilibrium of a production economy is understood
as a fixed point of such a map. The existence, finiteness and local uniqueness of equilibria
are then proved subsequently in Chapter 10 under this framework.
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However, complication arises when one is facing incomplete markets. It is well known
that the theory of general equilibrium with incomplete markets (GEI) has been an important
research field. Here, Professor Nagata has demonstrated (in Chapters 11 and 12) the remark-
able successfulness of applying the theory of regular economies (differential topology as
its mathematical counterpart) to tackle the GEI problem. In particular, in Chapter 11, by
using the special mathematical tools such as Grassmann manifold and the modulo 2 Euler
number, he proved that for almost all economies with incomplete asset markets, there exists
an equilibrium; and in Chapter 12, by resorting back to the transversality theorem, he proved
that the equilibrium allocations do not possess the desired welfare property called Pareto
efficiency.
What the reviewer likes the most about this book is its skillful integration of abstract
mathematical theory with the economic theory. The book can be used as a textbook for
a senior graduate course and a reference book for researchers in this field. However, the
reviewer feels that the book can be made more readable and accessible by a wider class
of readers by simply providing some intuitive interpretations to each of the key (abstract)
definitions and assumptions, e.g., the economic meaning of the Assumptions 3.1 and 8.1.
ZHENLIN YANG
School of Economics and Social Sciences
Singapore Management University
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